We present results of the one-body density matrix ρ 1 (r) and the condensate fraction n 0 of liquid 4 He calculated at zero temperature by means of the Path Integral Ground State Monte Carlo method. This technique allows to generate a highly accurate approximation for the ground state wave function Ψ 0 in a totally model-independent way, that depends only on the Hamiltonian of the system and on the symmetry properties of Ψ 0 . With this unbiased estimation of ρ 1 (r), we obtain precise results for the condensate fraction n 0 and the kinetic energy K of the system. The dependence of n 0 with the pressure shows an excellent agreement of our results with recent experimental measurements. Above the melting pressure, overpressurized liquid 4 He shows a small condensate fraction that has dropped to 0.8% at the highest pressure of p = 87 bar.
I. INTRODUCTION
Several microscopic theories point out that the phenomenon of superfluidity in liquid 4 He has to be seen as a consequence of Bose-Einstein condensation (BEC). 1 Having total spin S = 0, 4 He atoms behave like bosons and, below the critical temperature T λ = 2.17 K, they can occupy macroscopically the same singleparticle state. Nevertheless, the strong interaction between 4 He atoms does not allow all of them to occupy the lowest energy state and, even at zero temperature, only a small fraction n 0 = N 0 /N of the N particles is in the condensate.
The macroscopic occupation of the lowest energy state, in a strongly correlated system like 4 He, appears in the momentum distribution n(k) as a delta-peak at k = 0 and a divergent behavior n(k) ∼ 1/k when k → 0. In the coordinate space, the presence of BEC in a homogeneous system can be deduced from the asymptotic behavior of the one-body density matrix ρ 1 (r) (n 0 = lim r→∞ ρ 1 (r)), which is the inverse Fourier transform of n(k).
Experimental estimates of n 0 can be obtained from the dynamic structure factor, S(q, ω), measured by neutron inelastic scattering at high energy and momentum transfer. These measurements have a long history: [2] [3] [4] in the 80s, the first experiments gave estimates for n 0 slightly above 10%, but they were affected by a poor instrumental resolution and by some difficulties in describing the final states effects of the scattering experiment. Recently, with the advances in the experimental technology and in the method of analysis of the scattering data, Glyde et al. 5 have been able to give improved estimations of n 0 at very low temperature. At saturated vapor pressure (SVP), they found n 0 = (7.25 ± 0.75)%, 5 and more recently they have measured the dependence of n 0 with pressure p. 6 Because of the strong correlations between 4 He atoms, the calculation of the one-body density matrix in superfluid 4 He cannot be obtained analytically via a perturbative approach. It is necessary the use of microscopic simulations to provide accurate estimations of the condensate fraction. In particular, the Path Integral Monte Carlo (PIMC) method has been widely used in the study of 4 He at finite temperature, thanks to its capability of furnishing in principle exact numerical estimates of physical observables relying only on the Hamiltonian of the system. 7 The first calculations of n 0 with this method date back to 1987, 8 but most recent simulations based on an improved sampling algorithm provide very accurate results for ρ 1 (r), showing a condensate fraction n 0 = 0.081 ± 0.002 at temperature T = 1 K. 9 At zero temperature, groundstate projection techniques are widely used in the study of BEC properties of 4 He. Diffusion Monte Carlo technique, for instance, has provided estimations of n 0 in liquid 4 He on a wide range of pressures. [10] [11] [12] This method, however, suffers from the choice of a variational ansatz necessary for the importance sampling whose influence on ρ 1 (r) cannot be completely removed. Reptation Quantum Monte Carlo (RQMC) has also been used for this purpose, 13 but the calculated value of n 0 at SVP lies somewhat below the recent PIMC value 9 at T = 1 K noted above.
Motivated by recent accurate experimental data on n 0 (p), our aim in the present work is to perform new calculations of ρ 1 (r) and of n 0 in liquid 4 He at zero temperature using a completely model-independent technique based on path integral formalism. The Path Integral Ground State (PIGS) Monte Carlo method is able to compute exact quantum averages of physical observables without importance sampling, that is without taking into account any a priori trial wave function. 14 Using a good sampling scheme in our Monte Carlo simulations, we are able to provide very precise calculations of the one-body density matrix at different densities. We fit our numerical data for ρ 1 (r) with the model used in previous experimental works, 5 highlighting the merits and the faults of this model, and finally we give our estimations for the condensate fraction when changing the pressure of the liquid, showing an excellent agreement with experimental data. 6 The PIGS method and the computational details of our simulation are discussed in Sec. II. The results are presented in Sec. III and Sec. IV comprises the main conclusions.
II. THE PIGS METHOD
The PIGS approach to the study of quantum systems consists in a systematic improvement of a trial wave function Ψ T by repeated application of the evolution operator in imaginary time, which eventually drives the system into the ground state, 15 according to the formula
where the R i = {r i;1 , r i;2 , ..., r i;N } represent different sets of coordinates the N particles of the system, and G(R ′ , R; τ) = R ′ |e −τĤ |R is the imaginary time propagator. Given an approximation of G(R, R ′ ; τ) for small τ, the averages of diagonal observables can be calculated mapping the quantum many-body system onto a classical system made up of N interacting polymers composed by 2M + 1 beads, each of them representing a different evolution in imaginary time of the initial trial state Ψ T . Increasing the number M, one is able to reduce the systematic error and therefore to recover "exactly" the ground-state properties of the system.
A good approximation for the propagator G is important for improving the numerical efficiency of the method: this greatly reduces the complexity of the calculation and ergodicity issues, allowing to simulate the quantum system with few beads, each one with a large time step. Using a high-order approximation for the propagator, it is possible to obtain an accurate description of the exact ground state wave function with little numeric effort, even when the initial trial wave function contains no more information than the bosonic statistics, that is when one starts the imaginary time evolution from Ψ T = 1. 16 The one-body density matrix can be written as
where the configuration R = {r 1 , r 2 , ..., r N } differs from R ′ = {r ′ 1 , r 2 , ..., r N } only by the position of one of the N atoms. In the PIGS approach, the expectation value of non-diagonal observables, like ρ 1 , is computed mapping the quantum system in the same classical system of polymers as in the diagonal case, but cutting one of these polymers in the mid point. Building the histogram of the frequencies of the distances between the cut extremities of the two half polymers, one can compute the numerator in Eq. (2) . The calculation of the normalization factor at the denominator is not strictly necessary since the histogram can be normalized imposing the condition ρ 1 (0) = 1. However, this a posteriori normalization procedure is not easy, because of the small occurrences of the distances close to zero, and may introduce systematic errors in the estimation of the condensate fraction n 0 . In our work, we have avoided this problem incorporating in the sampling the worm algorithm (WA), a technique previously developed for path integral Monte Carlo simulations at finite temperature. 9 The key aspect of WA is to work in an extended configuration space, containing both diagonal (all polymers with the same length) and off-diagonal (one polymer cut in two separate halves) configurations, and one of its main advantages is its capability of evaluating the normalization factor in off-diagonal estimators. We have extended this technique to zero-temperature calculations and we have been able to get automatically the properly normalized ρ 1 , and therefore very precise estimations of n 0 . In our simulations, the sampling also contains movements involving the principle of indistinguishability of quantum particles, like the swap update 9 . Even though swaps are not strictly necessary since boson symmetry is fulfilled with a proper choice of the imaginary time propagator, they improve the sampling allowing a larger displacement of the half polymers and thus a better exploration of the long range limit of ρ 1 . The inset shows the same data for r between 3Åand 11Åon an expanded scale.
III. RESULTS
To compute ρ 1 (r) = ρ 1 (|r 1 − r ′ 1 |) in liquid 4 He at several densities, we have carried out different simulations with a cubic box with periodic boundary conditions containing N = 128 atoms interacting through the Aziz pair potential. 17 At first we study the system at the equilibrium density ρ = 0.02186Å −3 : our result for ρ 1 (r) is shown in Fig. 1 . We have checked that our results starting with Ψ T = 1 or with a JastrowMcMillan wave function are statistically indistinguishable. In order to check how the finite size of the box affects our results, we have performed a simulation of the same system in a larger box containing N = 256 4 He atoms. In Fig. 1 , we have compared ρ 1 (r) obtained in this last simulation with the one estimated using a smaller number of particles: we can see that, up to the distances reachable with the smaller system, these two results agree within the statistical error. Furthermore, the two functions reach the same plateau at the largest available distances, indicating that the asymptotic regime for ρ 1 (r) is already achieved using N = 128 4 He atoms.
To fit our data we use the model proposed by Glyde in Ref. 2 that has been used in the analysis of experimental data, 5
The function f (r) represents the coupling between the condensate and the non-zero momentum states. In momentum space, one can express f (k) in terms of the phonon response function 2 ,
with c the speed of sound. Since we work in the coordinate space, we are interested in its 3D Fourier transform f (r), which at zero temperature can be written as
where 
The constant A appearing in Eq. (3) is fixed by the normalization condition ρ 1 (0) = 1. Therefore, the model we used has five parameters: n 0 , k c , α 2 , α 4 and α 6 . It has to be noticed that, unlike what is done in the treatment of the experimental data, where k c is chosen as a cut-off parameter to make the term f (k) vanish out of the phonon region, we have considered k c as a free parameter of the fit. The best fit we get using the model of Eq. (3) is shown in Fig. 1 . This model is able to reproduce the behavior of ρ 1 (r) for short distances and in the asymptotic regime, but cannot describe well the numerical data in the range of intermediate r. Indeed, for distances above 3Å, ρ 1 (r) obtained with PIGS presents oscillations which are damped at larger r, as observed also in previous theoretical calculations. 9, 13 This non monotonic behavior, which can be attributed to coordination shell oscillations, 9 is difficult to describe within the model of Eq. 3.
Nevertheless, despite of these difficulties in describing the oscillations of the ρ 1 (r) obtained with PIGS, the fit we gave using the model of Eq. (3) contains important informations about the ground state of liquid 4 He. First of all, from the long range behavior, we can obtain the value of the condensate fraction n 0 . From our analysis, we get n 0 = 0.0801 ± 0.0022, in complete agreement with the value n 0 = 0.081 ± 0.002 obtained by Boninsegni et al. 9 in a path integral Monte Carlo simulation at temperature T = 1 K, and in good agreement with the experimental result n 0 = 0.0725 ± 0.0075. 5 Furthermore, from the behavior of ρ 1 (r) at short distances, we can obtain an estimation of the kinetic energy per particle K/N. In particular, the term α 2 appearing in Eq. (6) is the second moment of the struck atom wave vector projected along the direction of the incoming neutron 2 and is related to the kinetic energy per particle by the formula K/N = 3(h 2 /2m)α 2 . Using the value α 2 = (0.794 ± 0.005)Å −2 obtained in our fit, we get K/N = (14.43 ± 0.09) K which has to be compared with the value obtained in the PIGS simulation, K/N = (14.37 ± 0.03) K.
In Fig. 2 , we show results of n(k) obtained performing a numerical Fourier transform of ρ 1 (r) and we compare it with the Fourier transform of Eq. 3,
The PIGS data are plotted from k min = 2π/L ≃ 0.4Å −1 , L being the length of the simulation box, and are not able to reproduce the 1/k behavior of n(k) at low k because of finite size effects; for k > k min the effect of f (k) vanishes and n(k) = n * (k). We notice that the disagreement between the two curves is larger in the region between k ≃ 1Å −1 and k ≃ 2.5Å −1 . In this range, indeed, n(k) obtained with the PIGS method presents a change of curvature, not seen in n(k) obtained from the fit. This discrepancy can be explained considering the coupling between the condensate and the states out of it. The term f (k), defined in Eq. (4) and, therefore, is valid only in the limit of small momenta. 2 At higher k, one should consider even the contributions due to the coupling of the condensate to the excited states out of the phonon region. However, little is known about these contributions and it is difficult to include them in a more complete form for f (k) in order to give a more reliable model for the momentum distribution.
Our results for n(k) are compared with recent experimental measurements at T = 0.06 K of the momentum distribution n * (k) for states above the condensate in Fig. 3 . Even in this case, we can notice a good agreement between the two curves, except for the intermediate range of k, where our results include contributions arising from the coupling between the condensate and excited states. From the comparison between the two curves, we can deduce that this coupling contributes in depleting the states at higher k. In the same figure, in addition to n(k) at the saturated vapor pressure, we also show n(k) for a higher pressure, close to the freezing transition. We can see that the effect of the pressure in the momentum distribution is to decrease the occupancy of the low-momenta states and to make smoother the shoulder at k ≃ 2Å −1 .
Finally, we report our results for the condensate fraction n 0 over a wide range of densities, including also densities in the negative pressure region and in the regime of the overpressurized metastable fluid. In this range of high densities, we have been able to frustrate the formation of the crystal by starting the simulation from an equilibrated disordered configuration. The metastability of this phase is checked by monitoring how the total energy per particle E/N changes with the number of Monte Carlo steps. As the simulation goes on, we notice that E/N reaches a plateau for a value above the corresponding value of E/N computed in a perfect crystal at the same density. For instance, at density ρ = 0.02940Å −3 we get in our simulation 12 E/N = (−5.48 ± 0.03) K. If we perform a PIGS simulation at the same density and with the same choice for the initial trial wave function (in both cases, we choose in Eq. 1 Ψ T = 1) but starting the computation from a hcp crystalline configuration, we get E/N = (−5.95 ± 0.02) K. The disagreement of the two results for E/N indicates that, in PIGS simulations, initial conditions for the atomic configuration influence the evolution of the system: in particular, a sensible choice of the initial conditions speed up the convergence of the system to the real equilibrium state. In the simulation of 4 He at high densities, if we use a disordered configuration as the initial one, the system evolves towards the equilibrium crystalline phase, but, since crystallization is a very slow process in PIGS simulations, we see that the overpressurized liquid phase is metastable for a number of Monte Carlo steps sufficiently large to give good statistics for the ground state averages of the physical observables. If the density is increased even more (p > 90 bars), one starts to observe the formation of crystallites and the stabilization of the liquid becomes more difficult. Another evidence of the metastability of the liquid configuration in our simulations can be given computing the static structure factor S(k). In all the calculations performed, we notice the absence of Bragg peaks in S(k), which indicates clearly that the system does not present crystalline order.
Our results for n 0 at different p are contained in Table I , together with our estimates for the kinetic energy K/N. It is interesting to notice that the condensate fraction of the overpressurized liquid is finite also for densities above the melting (ρ ≥ 0.02862Å −3 ). This evidence supports our hypothesis that the system has reached a metastable non-crystalline phase, since recent PIGS simulations show that, in commensurate hcp 4 He crystals, the one-body density matrix decays exponentially to zero at large distances and therefore BEC is not present 18, 19 . In particular, we obtain that in the overpressurized fluid at the melting density the condensate fraction is n 0 ≃ 1.2%. This result, even though cannot provide any deeper understanding concerning the quest of supersolidity in 4 He, 18 can be thought as an upper limit for the condensate fraction in solid 4 He at melting. It is also interesting to notice that, even at the freezing pressure, the condensate fraction is already quite small, n 0 = 2.9%.
In Fig. 4 , we plot our results for n 0 as a function of p on the range of pressures where the liquid phase is stable. Our results follow well an inverse proportionality law n 0 (p) = A + B/(p − p 0 ), with p and p 0 measured in bar: the best fit we got has parameters A = −0.0068 ± 0.0012, B = 1.56 ± 0.10, p 0 = −19.0 ± 0.9 bar. In Fig. 4 , we also compare our estimates for n 0 with the experimental ones 6 and with the ones obtained in previous numerical simulations. [9] [10] [11] 13 It is easy to notice that our results provide an excellent description of the experimental dependence of the condensate fraction as a function of pressure in all the range of stability of the liquid phase of 4 He, improving previous calculations which focus especially on the equilibrium density and do not explore in detail the physically interesting pressure range where the experimental data can be measured. Notice that the experimental value of n 0 at zero pressure reported in the more recent experiment 6 is slightly smaller (7.01 ± 0.75%), but still statistically compatible within the error bars, than the previous one by the same team. 5
IV. CONCLUSIONS
We have computed the one-body density matrix of liquid 4 He at zero temperature and different densities by means of the PIGS Monte Carlo method. Although it is not easy to give an analytic model to fit the data for ρ 1 (r), because of the difficulty of describing the coupling between the condensate and the excited states in strongly correlated quantum systems such as 4 He, it is possible to extrapolate very precise estimates of the condensate fraction and of the kinetic energy of the system even from a simplified model for ρ 1 . Our calculations provide an improvement with respect to the other ground state projection techniques used in the past, since the PIGS method allows us to remove completely the influence of any input trial wave function. Indeed, we have performed calculations of ρ 1 (r) and n 0 in liquid 4 He at zero temperature using a model for the ground state wave function which depends uniquely on the Hamiltonian and on the symmetry properties of the system. At the equilibrium density of liquid 4 4 He at zero temperature as a function of pressure p in the region of stability of liquid phase. Our PIGS results (black squares) are compared with the experimental ones (red diamonds) 6 and previous theoretical calculations, obtained with Diffusion Monte Carlo (green up triangles), 10 Diffusion Euler Monte Carlo (violet left triangles), 11 Reptation Quantum Monte Carlo (blue circle) 13 and PIMC at T = 1 K. 9 The dashed line represents the curve obtained fitting our results with the equation
unbiased PIMC method at temperature T = 1 K. 9 Simulating the system at several densities, the dependence of n 0 with pressure p obtained from the calculation agrees nicely with the recent experimental measurements of Ref. 6 ρ (Å −3 ) 
